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AllItrac:t-The mode of deformation and fracture between a pair of holes in an infinite plate
submitted to uniaxial tension was studied in order to gain insight for the mechanism of ductile
fracture. Void development and coalescence is accepted to constitute the basic mechanism for the
creation ofa cloud ofdefects, developed around cracks, and contributing significantly to the ductile
fracture process. The holes were considered small, in comparison to their interccntrc distance, but
sufficiently close to interact and concentrate slip between them. The influence of the orientation of
holes on the strain state at fracture was studied for any intermediate case ofloading between plane
stress and plane-strain conditions. Fracture occurred, in general, by flow localization between holes
under an insignificant hole growth. The method of p8Cudocaustics in transmission or rcftcction,
together with electronic scanning microscopy, proved the existence ora transition in fracture mode
with the orientation of holes indicating a transition at Sso, from an intcrcentrc necking, to an out
of-interccntre line pitting for plane-stress overall-conditions. This mode changed to a acncral out
of-the-interccntre-line necking for plane-strain conditions. Scanning electron microscopy indicated
the mode of creation of initial hollow dimples, inside a critical area around the crack tip, and its
evolution and intensification of dimple-penetration with the progress of loading. By interrelating
experimental data, which support the validity of yielding criteria depending on the applied mean
normal stress and dilatancy of materials, the appropriate quantities were evaluated defining the
formation and development of voids and allowed the connection of these data with modern yield
criteria for ductile materials based on growth of holes.

INTRODUCTION

Failure by coalescence of microscopic voids is one of the principal mechanisms in ductile
fracture. The microscopic voids engendered within the material grow, due to plastic
deformation of the enveloping material, which results in a thinning of the ligaments
between voids and in a successive propagation of the crack through neighbouring voids in
a zig-zag path.

Gurson[l, 2] has developed a theory for studying the effect of void coalescence on the
mode of failure of porous media, as this phenomenon influences the load-carrying capacity
of the material.

An approximate evaluation of the critical strain for coalescence can be derived by
studying models with periodic arrays of voids in various configurations[3]. Experimental
evidence[4, 5] has also indicated that the critical-volume fraction of voids for initiation of
the coalescence procedure is of the order of 0.05 to 0.2, which may be translated into
a void-array spacing with a ligament equal to the diameter of the voids. This critical
volume fraction of voids may be used as a criterion for the mode of ductile fracture.
However, for the study of propagation ofa crack in a ductile material a detailed description
of the variation of the load-carrying capacity, localized around the instantaneous position
of the crack tip, is required.

For the study of such a situation of the neighbourhood of the crack tip it is necessary
to use modern yield criteria, which take into consideration plastic dilatation and eventually
accepting the possibility of violation of the normality principle of the stress tensor at the
yield locus. Such constitutive relations have been introduced by Mroz[6], Rudnicki and
Rice[7] and Nemat-Nasser and Shokooh[8]. Tvergaard[9,10], in a series of papers and
reports, has presented a model to study the macroscopic effect of void coalescence, which
was based on Gurson's model. He studied numerically the fracture mechanism by
interaction of large and small voids representing the porous material. The nucleation,
growth and coalescence of smaller satellite voids around the crack tip, which may be
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considered as a main large void, may be studied by this type of model. He also used this
model to study the development ofductile fracture in shear bands assuming a homogeneous
state of deformation inside and outside the band[IO].

Finally, Bourcier and Koss[ll] have studied experimentally the ductile fracture of
tension specimens made of different aluminium alloys, containing pairs of circular holes at
different orientations. It resulted that the ductile fracture criterion is dependent on both
stress- and strain-states in a complicated manner, as well as on the flow instability in the
void link-up process.

In order to study experimentally the macroscopic process of void nucleation, devel
opment and coalescence, up to the point of the link-up instability in ductile fractures, a
series of tests was undertaken in this paper. Pairs of holes under different orientations,
modelling the situation of voids around crack tips in ductile fracture, were submitted to a
tensile load up to the complete extension of plasticity in the ligament between adjacent
voids. Interesting results were derived for the influence of the position and size of the holes
in the mode of the ductile fracture process.

Furthermore, experience gained on the mode of void nucleation and growth around
cracks and other defects was combined with empirical yielding criteria based on the
influence of the mean-normal stress and the dilatancy of ductile materials. This was done
in order to interpret modem criteria based on the growth of holes and yield concrete and
simple relations evaluating the parameters which define such criteria.

A YIELD CONDmON DEPENDING ON PRESSURE AND DILATANCY

Classical constitutive laws assume plastic incompressibility and no effect of the hydro
static component of stresses on yielding. However, it has been recently shown that local
void nucleation and growth around the bottoms of geometric discontinuities, or the tips of
existing cracks in structures, followed by a bulk dilatancy in this zone, has been observed
in many cases in ductile fracture, where local plastic flow is developed. This pheno
menon may play an important role on the mode of fracture in the structure[l, 2,9, 10].

The McClintock model[12] ofductile fracture assumes that a mechanism of localization
of deformation, starting from some discontinuity of the specimen, is developed along and
within a narrow shear band, due to progressive softening of the material, by an increasing
porosity. Then, the material along a zone ahead of the crack tip is damaged to such an
extent that voids begin to appear with increasing load. Further loading induces the
formation of a population of voids, usually in an enclave, which ultimately coalesces and
initiates an extension of the crack.

It is further shown that a partial decohesion of interfaces occurs when the strength of
the interface is locally attained by a local accentuation of strain-hardening, since high
stresses at the interface are necessary for intergranular cavitation to begin[13].

Then, it is reasonable to accept that, while the short period of incubation of cavities
is a transitional one, and does not influence directly the mode of crack propagation, the
period of cavity- and void-nucleation is very important for the subsequent development of
regional yielding of the material at the cavity zone, by neighbouring ligament-thinning
and crack propagation.

The effect of size on fracture is incorporated in the requirement to secure a strain level
over a region enclosing at least two holes, and also comprises the influence of the intercentre
distance between adjacent holes, as compared to the mean diameter of the holes, the relative
orientation of the holes with the main-crack axis and the direction of externally applied
load.

The thickness variation is also an important factor, not only because cases vary
between plane-strain and generalized plane-stress conditions, but also because the hydro
static tension (1",,/3 influences the fracture strain and especially the intermediate principal
stress. Since for the validity of the process, McOintock[12] has demonstrated that all three
principal stresses should be tensile for hole growth, then, if both transverse-stresses, or
only one of them, is positive, this creates a big difference with the role of the intermediate
principal stress, which is more important for plane-stress conditions.
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Experimental evidence with anning electron microscopy, as well as with the study
of evolution of plastic zones in adjacent holes with varying orientation and varying
thickness of the tensile specimen, yields ample proofof the validity of these principles.

Assuming that, for a void-containing ductile material, failure happens at some critical
void volume fracture let which is considerably below unity, the constitutive relations,
according to the model of Gurson[l, 2], make use ofan approximate yield condition of the
form <P(O'q, O'""f) = 0, where 0'1/ is the average macroscopic Cauchy stress-tensor, 0'", is the
equivalent tensile flow stress, representing the actual macroscopic stress state in the voided
matrix material disregarding local stress concentrations and I is the current void-volume
fraction.

It was suggested by Brown and Embury[4] that nucleation cavities elongate along the
major tensile axis and that two neighbouring cavities coalesce when their length has grown
to the order of magnitude of their spacing. Then, local failure occurs by the development
of slip planes between cavities, creating a necking of the ligaments. It has been estimated
that critical values of the void-volume fraction may vary between 0.05 and 0.20, whereas
Brown and Embury have found a value.fc = 0.15.

If the matrix material of the model is assumed as plastically incompressible, the
nucleation of new voids is created either by decohesion of a two-phase particle-matrix
material representing the model at the particle-matrix interfaces or by particle fracture.
We use the void nucleation model introduced by Needleman and Rice[14], which expresses
the rate of nucleation of new voidsJ" by the expression:

(1)

where A and B are real coefficients, 0'", is the effective stress as already defined and 0'IC,cl3
the hydrostatic stress, whereas dots mean rates with loading. This relation indicates that
nucleation depends on both increments of the effective stress and the hydrostatic tension
in the elastoplastic zone of loading. Indeed, the nucleation of new voids is mainly due
either to decohesion between matrix and inclusions or to plastic deformation and cracking
of the matrix material.

Since the matrix material is assumed plastically incompressible the increment of the
void-volume fraction due to growth of voids is expressed by

! = (1-f){)I!fi,

where ~ is the plastic part of the macroscopic strain increment. Then, the total change in
the void-volume fraction is given by

!=/,+J".

Moreover, in Gurson's model the effective plastic strain ~ in the matrix material, varying
according to the equivalent plastic work expression, yields for effective stress O'ln that

. EEt O'~

O'ln = (E-E,) (1-f)O'In'

where E and E, are the elastic and the tangent moduli, respectively.
Quantitylis the volume fraction ofsmall-scale voids created between the larger voids,

which at the beginning of loading is taken equal to zero and, as the loading is increasing,
tbe quantitylis increasing, according to relation (1). The coefficients A and B are defined

the jbUowina relation for a material, whose void nucleation is controlled by the maxi
mum normal stress transmitted across the interface of the matrix and inclusions[9];

(2)
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where Un is the mean nucleation stress, In the void-volume fraction for nucleation corre
sponding to the Un-stress and S is the corresponding standard deviation, which usually is
taken equal to S = 0.1. Normally, for an initial value of/o= 0 the final value for/is taken
to be f" = 0.04 [10]. In our tests with scanning microscope in polycarbonate (PC) f" was
evaluated to bef" =0.05.

Relation (2) is valid only when the quantity (u",-u",,/3) is an increasing function
above the stress for initiation of nucleation of voids. Otherwise, the quantities A and B
take the value A = B = O.

Gurson[l] gave an approximate yield condition, based on an upper-bound rigid-plastic
solution for spherically symmetric deformations applied around a spherical inclusion.
This condition is expressed by

(3)

where U~ is the macroscopic effective Mises stress, given by u; = !sijsij with sij the stress
deviator (sij = uij-{)iju",,/3).

While Gurson[l, 2] assumed values for the constants qj given by q\ = q2 = q3 = 1, it
was found by Tvergaard[9, 10] that a better fitting of results, for periodically arranged
cylindrical voids in a matrix, with those of a continuum model is achieved, if we take that

(4)

Introducing these values for qj into the yield condition (3) and denoting by I .. the
ultimate void-volume fraction for which U~ = U"" = 0 we obtain

j,. = l/q\ = 0.67. (5)

For this value j,., which corresponds to a limiting step of deformation of the body, where
no more macroscopic loading can be carried by it, the value of j,. =0.67 is quite high,
although it is below unity. This estimation is derived from close-packed arrays of voids in
a body, where this volume fraction is a limit.

Based on Tvergaard's modification of the Gurson expression for the yield criterion
the current void-volume fraction I and the equivalent tensile flow stress for the voided
material at the instant of initiation ofplasticity were determined by considering the existing
experimental data for yield criteria depending on pressure and dilatancy and adapting
them to appropriate criteria. In this way oversimplifications used for the evaluation of
these quantities which were based on doubly periodic arrays of circular spherical or
cylindrical voids may be avoided.

THE EXPERIMENTAL MODEL

In order to study the evolution of microvoids between two relatively large voids in a
ductile material, the above-sketched theory developed for ductile porous media was used
to model large voids at the vicinity of the crack tip. Since the material must be taken to
contain initially large voids, a pair of circular holes of a diameter d = 2 x 10- 3 m was
perforated to the initially homogeneous ductile material representing the basic unit of a
periodic array of voids. As an elastic-plastic material the polycarbonate of bisphenol A
(PC) was used, and simple tension specimens were prepared of varying thickness between
w =0.75 x 10- 3 and 9.50 x 1O- 3 m.

The limits of the thicknesses of the perforated plates were selected to amply cover
the requirements of plane-stress or plane-strain conditions. Indeed, it has been shown
experimentally[15], by using the method of caustics, that for cracked plates, where the
sharpness of the boundaries at the tip of the crack are of much higher curvature than for
circular holes, that for thicknesses below w = 2 x 10- 3 m plane-stress conditions are
prevailing, whereas for thicknesses above w = 15 x 10- 3 m plane-strain conditions
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dominate. Then, these limits are satisfactory for our case of small holes drilled in the
tension specimen.

Since we are interested in the mutual interaction of large microscopic voids during
loading, the configuration of a model shown in Fig. I was adopted, where the angle (} of
relative orientation of the axes of two neighbouring voids varies between (} =0° and 90°.
The relative position of voids and the dimensions of the specimens are indicated in this
figure. In this way, six groups of specimens of different thicknesses (w = 0.75, 1.60, 2.00,
3.00, 4.50, 5.80 and 9.50), ranging from plan.e-stress to plane-strain conditions[I6], with
six different angles (} subtended by the loading direction and the Ox-axis of the specimen
(0 = 0°, 30°, 45°, 55°, 70° and 90°) were tested.

In this element, the carrying capacity of the model is reduced considerably by a failure
of the ligament between the two macrovoids, which occurs by the formation of shear
bands in narrow regions between the cylindrical holes and in their outer neighbourhood.

A high concentration of microvoids is developed in this zone, emanating from the
interfaces of the cylinders and the matrix, which is extended progressively all over the
ligament and outside the region of holes as the external loading is progressively increasing.

This is because the stress field in the hole-cluster zone is highly inhomogeneous and
the local field around each hole reaches the critical yield stress at different times over the
entire cross-section, so that, in the active-deformation section, certain parts are in the
tr~nsformed state, whereas others are outside it.

With continuing increase ofdeformation, the material strain-hardens, and this reduces
the amount of further deformation of the yielded zones, until the next step of a higher level
of critical stress is introduced. Thus, the mode of deformation of the material around the
crack tip depends solely on the relative orientation of the intercentre axes of the neigh
bouring to the crack tip cluster of voids from an isotropic state. to a more or less strongly
oriented in a random mode, without any significant change of the overall density of the
bulk of the material.

The geometry and the overall dimensions of the specimens used in the tensile tests
were indicated in Fig. 1. In order to compare the results of the various tests, the applied
tensile stress at the extremities of the specimens was kept always constant and equal to (Jco =
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Fig. I. The type and dimensions of the experimental model used for the study of the influence
of two adjacent interacting holes, assumed lying inside the plastically deformed vicinity of a

crack tip.
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6.15 X 107 N m- 2 for all orientations of the intercentre axes. This stress was 5% lower than
the overall yielding of the material and it was sufficient for initiating and propagating the
plastic zones around the holes. Indeed, all plastic zones were fully developed after a period
of constant loading of the specimens of 5-8 min. It was observed that after the lapse of
these time intervals and for the slowly applied increments ofloads applied to the specimens,
no detectable creep phenomena appeared in the vicinity of the perforations of the
specimens.

For the detection and evaluation of the plastic zones developed in the vicinity of the
holes the method of reflected caustics was used. The principle of the method and the
experimental setup are fully described in Ref. [17].

Figure 2 presents a series ofphotographs ofthe caustics formed along the plastic zones,
developed either along the ligament between the adjacent holes or outside this ligament
zone, for various angles 8 of orientation of the two holes.

It may be immediately observed that the plastic zones present a bottom line of
maximum contraction, which is always a sigmoid curve, intersecting the intercentre axis at
its middle. Plastic protrusions are also developed at the rims of the holes, so that the
bottoms of plastic ravines are angularly displaced by an angle /18, varying between 10 and
18 degrees with the intercentre axis, towards the loading axis.

Figure 3 presents the variation of angle /18 between the intercentre axes and the
bottoms of the plastic ravines versus the angle 8 of orientation of the pair of holes. It is
clear from this figure that the angle /10 increases rapidly to a constant limit of 18 degrees,
as 8 is increasing from zero to 50 degrees and then drops abruptly to zero.

Indeed, for an angle 0 of 50-55°, the mode of plastic deformation in the ligament
between holes changes drastically. Below 50° there is always for all specimens from plane
stress conditions (thickness w = 0.75 X 10- 3 m) to fully plane-strain conditions (w =
9.50 x 10- 3 m) a plastic zone developed between holes. Above this limit of the O-angle, the
plastic deformation of all plates changes mode, presenting only typical plastic asymmetric
zones on both sides of each hole, which develop independently, without coalescence in the
ligament between holes. These squid-like plastic zones extend to different lengths, and
unsymmetrically on both sides of the central part of holes, forming an angle with the
respective radial directions. The regions of their emergence from the rims of the holes are
extended about the transversal axes of the holes, and their length passes through a
minimum, for angles 0 between 20 and 45°, because in this region of angles 0 plastic
deformation is mainly concentrated in the ligament between holes. Above 0 = 45°, these
external plastic zones are progressively increased at a direction of approximately 45° to
the longitudinal axis of the specimen.

This phenomenon of change of mode of the development of plastic enclaves around
the pair of holes remains unchanged, if the thickness of the specimens is increased and the
state of deformation of the plate changes from plane-stress to plane-strain.

The extent of plastic deformation in the ligament zone as well as in the outer zones
was studied by defining the topography of the deformed lateral faces of the plates. For
this purpose use was made of a rectilinear surface graph-recorder of the type of Talysurf
No.4. The instrument has a very fine stylus, which scans the surface of the test piece
along lines normal to the apparent axis of maximum plastic deformation. The area
surrounding the pair of holes was scanned and Fig. 4 presents the profile graphs of
rectilinear traverses parallel to the loading axis of the specimen for three different angles
(0 = 0°, 30° and 45°) and for a thickness w = 0.75 mm. It is clear from this figure that the
bottom lines of the plastic zones between holes are sigmoid curves and their maximum
depths appear at the close vicinities of the rims of the holes.

Figure 5 presents the variation of depth of the plastic zones for three different
specimens with thicknesses w = 1.54, 1.66 and 2.00 mm, respectively, as they have been
evaluated from the respective profile graphs. It is interesting noting that the larger depths
in plastic zones appear very near the rims of the holes and at distances of the order of
0.1 mm from these rims. These are the zones where clouds of voids are developed when
the critical loading for void formation is attained.

Another relative minimum, in the form of a valley, appears always at middistance
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Fig. 2. Series of photographs of transmitted caustics developed at the interccntre zone and the outer neighbourhoOd of two interacting holes lying inside the plastic
zone developed around the lip ofa crack for various orientations of their intercentre axis.

~



Yield criteria based on void coalescence mechanisms

o 15° 300 45° 600 75° 900
~ (oJ -+

Fig. 3. The variation of the difference liO between the orientation angles of the bottom lines of the
plastic zones and the respective intercentre line of two adjacent interacting holes under various

orientations.
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between holes. While for (J = 45° the absolute minima approach the rims, their absolute
depths are decreased in comparison with the topography of the plastic zone for (J = 0°.

Figures 6 and 7 present the percentage reductions of the thickness of the specimens at
the rims of the holes and at the zones of the inner and outer maxima ofplastic deformation,
for the various thicknesses w of specimens tested and different angles (J of orientation of
the holes.

The experimental results presented in the last three figures were obtained by loading
all specimens with constant stresses at infinity and equal to (1CS) =6.15 X 10 7 N m- 2• This
stress corresponds to an elastic loading creating stresses 5% below the yield limit (10 of the
material in simple tension. In this way the overall development of the plastic enclaves
around the pair of holes corresponded to identical loading configurations of the plates
and therefore the experimental evidence was comparable.

It is clear from these figures that, for typically plane-stress specimens (thicknesses
below w = 1.5 mm), the plastic maxima are very high for all angles(J, whereas for prevailing

t t t

00 ~ W

Fig. 4. The depth-profile graphs of the intercentre repons between adjacent interacting holes
submitted to a tensile load for different orientations of the intercentre lines of holes (8 = 0°, 30°
and 45°). The scanning traverses were executed in a direction almost parallel to the loading axis of

the specimens.
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Fig. S. The variation of the depth of the plastic zones developed at the intercentre zones of specimens
containing a pair of interacting holes for 8 .. 00 and three different thicknesses of the plates

(w = 1.54, 1.66 and 2.00 rom. respectively).

plane-strain conditions (w = 9.5 nun), these maxima are insensitive to the angle (J and
very low.

This fact has as a result to make plane-stress specimens more prone for developing
large plastic deformations at the vicinity ofholes and therefore to facilitate the development
of clusters of voids in front of the crack tips. This phenomenon makes such specimen easy
to follow the mode of fracture by void coalescence.

20_._---+-----+------+-----1

o B ~ B m
Plat. Thltknlss (x103 I m -.

Fig. 6. The percentage maximum reduction of the thickness of the specimens ncar the rims of the
holes and the intercentre line versus the thickness of the specimen for different angles of inclination

of the intercentre line.
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Fig. 7. The percentage maximum reduction of the thickness of the specimens at the plastic zones
developed outside the intercentre zone between holes versus the specimen thickness for different

angles of inclination of the intercentre line.
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Fig. 8. The percentage maximum reduction of the thickness of the specimens at the plastic zones
outside the intercentre zone between holes versus the angle of orientation of the holes for different

parametric values of the thickness of the specimen, from plane-stress to plain-strain conditions.
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Figure 8 presents another aspect of the amount of plasticity in the outer squid-like
zones by plotting the real maximum values of plastic outer enclaves at a distance 0.5 mm
from the rims of the holes, versus the angle 0 of orientation of the holes for different
parametric values of the thickness w of the specimens. These maximum values are much
higher than the corresponding relative maxima percentage-depths, appearing at the rims of
the holes and presented in Figs. 6 and 7. Although all specimens were loaded with identical
overall tensile stresses at infinity, the shapes, forms and sizes of the plastic zones were
different, depending on the particular characteristics of each configuration of the holes.
Again the typical influence either of the thickness of the specimens or the angle 0 is clearly
demonstrated.

While Fig. 2 presents the dependence of the development ofplastic zones between two
neighbouring macrovoids, Figs. 5-8 give ample experimental evidence of the forms and
depths of plastic zones between neighbouring voids and their dependence on their relative
orientation with respect to the crack and loading axes, as well as on the thickness of the
specimen, which defines the particular stress conditions (plane stress or plane strain) holding
either along the intercentre distance between neighbouring holes or outside their intercentre
zone.

Then, these figures exemplify the different modes of creation of furrows between
neighbouring voids, which are the precursors of an eventual propagation of the nearby
existing crack, which follows one of these ravines.

From this experimental study of a typical arrangement of a pair of holes developed at
the neighbourhood of the tip of a crack in a plate, it may be concluded that all voids
developed in this vicinity participate in the fracture mechanism of the plate. Those, which
are relatively oriented with angles 8 smaller than 55°, create plastic bridges between them,
which, later on, evolute and create probable paths ofcrack propagation by kinks.

The voids which form between them angles greater than Sso develop squid-like external
plastic enclaves, which are oriented almost parallel to the crack axis and may coalesce with
neighbouring voids in the near cluster of voids. These voids also facilitate the prospective
extension of the crack since they create transverse bridges between neighbouring voids.

This kind of deformation is developed in voided plates under uniaxial tensile loading
at the zone of the cloud ofvoids. However, since the elastic- and plastic-stress fields in front
of a crack are, in general, biaxial for plane-stress, or triaxial in the general case, the
intermediate component of stress in the plane of the plate contributes significantly to the
mode of crack propagation by providing an additional stress field of smaller intensity, but
oriented by 90° to the main uystress field. It also participates in the development of voids
in regions, where the main field because of orientation (8;;il: S5°) cannot create plastic
ligaments between adjacent voids, provided it is an overall tensile field.

Although the experimental evidence presented in the previous figures is based on the
plastic straining of a glassy polymer, qualitatively the same phenomena are expected to
appear for crystalline metallic specimens, provided that the mode of fracture of the proto
types and the model are the same. Furthermore, there is extensive experimental evidence
in the literature that polycarbonate behaves like mild steel and may be used as a substitute
for the study of plastic straining ofelastic-perfectly plastic materials, although the author,
in a previous publication, demonstrated existing differences between these two different
types of materials[18]. However, for the qualitative description of the phenomenon of
fracture by void creation around the loaded crack tip and void coalescence, the use of the
polycarbonate model gives a satisfactory picture constituting macroscopically a parallel
phenomenon as those in crystalline substances.

This explanation corroborates the findings of McClintock, who has introduced the
condition that the holes should remain open during loading and thus fracture by hole
growth occurs always after necking of a tensile specimen[l5]. The necessity of ellipticity of
the holes implies the dependence of yielding and fracture on the mean-normal stress, and
especially its strong dependence on the intermediate principal stress.

The formation of shear bands between holes suggests that the link-up mechanism
between voids is dominated by shear stresses. Similar examples are reported in Ref. [11] for
aluminium alloys, which resemble classical microphotographs on other aluminium and steel
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plates. Examination of the fract\lfe surface profiles in these examples indi~~e, indeed, that
in the ligaments between holes' fracture occurs at angles (} ~ 60°. Moreover, the pro
files of the substrata of the plastically thinned ligaments between holes deviate successively
on both sides of the intercentre lines in the form of sigmoid curves, reminiscent of the re
spective slip-line fields and indicating a progressive influence of the plastic deformation
between adjacent voids[19].

EVALUATION OF VOID POPULATION AT THE CRACK TIPS

We have studied the mechanism of ductile fracture, developed by the McClintock
Gurson model oflocalization ofdeformation inside shear bands. These bands are developed
because of the softening process of the material, by increasing its porosity due to void
growth. We try now to evaluate, by scanning microscopy, the extent of this porous region.

For this purpose standard l-mm-thick dogbone specimens, made of PC and suitable
for insertion in the loading chamber of the scanning electron microscope, were prepared
and duly coated to reflect the electron bundle impinging on their surface. With this
arrangement and coating of the surfaces the plastic zones developed around the crack tip
were clearly apparent as illuminated surfaces, because of the intense ,feflection of the
electrons in these zones. The remaining part of the specimen remained obscure, because of
the infinitesimal elastic stress field there.

By a proper selection of the magnification factor in the SEM, the plastic enclave during
loading was always inside the field of view of the microscope. The holes were developed in
the plastic zone when the tensile load was slowly increasing under isothermal conditions in
the loading chamber. A number of holes started to develop on the surface of the specimen
and very rapidly tended asymptotically to the limiting population of holes in the plastic
zone for impending development of a kink in the crack. A typical curve of the increase of
the void surface versus applied tensile stress on the specimen is given by the graph
of Fig. 9. The limiting stress of 5 x 10 7 N m- 2 applied to the specimen was at the threshold
of crack initiation. Similar curves have been given by Gurson in his Fig. 3 of Ref. [2].
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Fig. 9. The evolution of the volume void-fraction f, expressed as the ratio of the volume surface,
I .. covered by voids, normalized to the size of the plastic zone III around the crack tip versus the

externally applied u-stress of a cracked specimen made of PC.
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From a series of such plots it may be safely derived that the area covered by voids S.
on the surface of the specimen does not exceed 5% of the respective plastic enclaves Spl,

which are generally of the order of Spi = 5 x 1O- 3mm 2• The average number of voids from
the electron photographs was equal to 30 in the range ofsurface Spl' Then the surface covered
by the voids was S. = 2.5 X 10- 4 mm 2 with an average radius R. = 1.7 /lm. Assuming that
the shape of voids is approximately spherical and their density inside the specimen follows
a similar distribution as in the surface, we may readily define that the void volume Iv
is approximately 7 x 10- 5 mm 3• This volume, compared to the plastic-enclave volume
hi = 5 x 10- 3 mm 3, yielded a volume density of voids in the plastic zone equal to

! = ~ =0.014.
Jpl

(6)

Figure 10 presents a series of electron micrographs taken with the z-modulation
arrangement, which indicate the topography of the plastic zones around the progressing
crack tip and the position and size of the voids developed in this zone. It is clear from this
series of photographs that, at the beginning, a small number of surface voids are developed.
As the loading is increasing the number of voids increases rapidly to some limit and
simultaneously their depth is increased considerably, especially at the vicinity of the crack
tip and flanks.

It is interesting to observe that, while their shape on the lateral face of the specimen is
approximately circular, tending to elliptic, when they penetrate inside the specimen they
take conical forms. This is a clear indication that inside the thickness of the specimen in
the plane-strain zone the void density is drastically reduced from the density at adjacent
layers to the surfaces. Then, the void distribution, based on calculations of the surface-void
population, constitutes an upper limit. The real void population should be much smaller,
and it is reasonable to reduce the above figure in relation (6) to

! = 0.01. (7)

EVALUATION OF THE VOLUME VOID FRACfION f DIFFERENT LOADING CONDITIONS

The void population inside the plastic zone around the crack tip depends on the state
of stress at each point. Then, it is important to calculate the stress distribution around the
crack in order to define! = cjJ(8).

We interconnect now the phenomena appearing in the microscale by the process of
void initiation, growth and coalescence in the plastic zone around the crack tip, with the
resulting functional dependence of the yield and fracture criteria on the stress- and strain
distribution around the crack tip. Without making recourse to any approximate models we
simply accept that, since void nucleation and development are the main factors for creating
differences in the yield loci of ductile materials at their different stress quadrants, we
directly interrelate yield loci depending on the mean-normal stress and dilatancy with the
characteristic parameters defining the influence of voids.

According to McClintock's model, it is entailed that the initiation of fracture is
governed by the requirement that the holes created around the crack tip during loading
remain steadily open, so that the damage rate there is always positive[I,12]. This neces
sitates that the stress field around each hole remains extensional and especially the mid
principal stress remains positive. This fact implies that the process of nucleation and
development of holes strongly depends on the position of the stress field in the (0'1> 0'2)
stress diagram (for plane stress or strain conditions). Indeed, while in the first (0' 1,0'2)

quadrant the evolution of voids is intense, in the fourth quadrant, where a compression
compression state of stress dominates the rate of creation of voids is expected to be either
zero (at 215°) or very limited.

Since all yielding criteria assume isotropy in tension and compression and symmetry



Fig. 10. A series of scanning electron micrographs, taken with z-modulation arrangement of the apparatus, and indicating the population of voids
developed in the plastic zones around the crack tip ofan increasingly loaded specimen.

i
9.
n
::I.
ll>

g-
2.
g
«
o
0:
(')

o
'"
~..,
.::1
(')
(')

3
g
::r
'":::>r;,"
a
In

.$l0
U>
'oC
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of the yield loci, they neglect an important factor, due to the stress differential effect, where
uOt:/uo, = R > I for all materials.

Then, it is reasonable for a better understanding of the mechanism of void nucleation
and development to make recourse to more accurate yield criteria, which take into con
sideration the effect of the difference of yield stresses in simple tension (uo,) and compres
sion (uoe).

The use of such criteria, instead of the classical yield loci, is also implicitly imposed
by the fact that these criteria contain always a term depending on the first stress invariant,
J h which is the dominating factor regulating the rate of creation and evolution of voids.

Two main quantities should be defined for the complete determination of the yield
locus based on the McClintock-Gurson model, that is the threshold stress, Um, of initiation
of the cavitation phenomena and partial decohesion of interfaces of grains, which occur
when the strength of the matrix material, without voids, attains locally the strength of the
interface, and the void-volume fraction,/, as a function of the existing local state of stress
at each point in the neighbourhood of the crack tip. This means that the um-stress must
equal the yield stress of the material in biaxial compression when presumably no void can
be created and the void-volume fraction must be a function of the 6-polar angle in a (Uh (2)
stress diagram.

Much experimental evidence has shown that various empirical yield criteria depending
(besides on the second stress invariant J 2 or in general on shear stressing) on the first stress
invariant, J 10 expressed by the sum of principal stresses are more suitable for describing
accurately the yielding behaviour of most of the materials used in the applications. For a
review of the validity ofthese criteria, see Refs. [20, 21].

There is a series of criteria which take into consideration the differential strength
effect, where the yield stress in simple tension, U 0" is different than the yield stress in
compression, UOt:. Then the ratio R = uo</uo, is always different than unity and normally
higher. Among them, the most popular are the Schleicher-Stassi criterion[22, 23], which
for plane stress conditions is expressed by

(8)

in which the J 2-invariant in the first left-hand side term expresses the typical Mises criterion
and the second term incorporates the influence of the first stress invariant J 1• These
invariants are given by

and (9)

The right-hand side term replaces the typical squared yield stress in simple tension u3, by
the geometric mean of the yield stresses in simple tension and compression (uo,uoe). The
rival criterion to the Schleicher-Stassi criterion is the Nadai-Bauwens-Stemstein criterion,
which for plane-stress conditions may be expressed in the form[24-26]

(10)

where J I and J 2 are again the first and second stress invariants.
From the structure of the two types of criteria shown in relations (8) and (l0) it may

be definitely concluded that criterion (8) is more sound. Indeed the individual terms of
relation (8) correspond the first term to a distortional component of energy, the second
one expresses some kind of dilatational energy since the hydrostatic component of stresses
is multiplied by a normal stress equal to the difference (UOt:-UOl) and finally the third term
on the right-hand side of eqn (8) replaces the corresponding energy due to simple tension.

On the contrary, the first left-hand term of eqn (10) does not represent any kind of
distortional energy component and therefore creates some kind of confusion in the energy
terms entered in the criterion.
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On the other side, it can be readily shown that for values of a strength-difference
coefficient R = (JO</(JOI approaching R = 3.0, that is where the materials become pro
gressively more and more brittle, the deviations between the two types of criteria increase
rapidly and the Nadai-Bauwens-Stemstein (NBS) criterion becomes unlimited in the
compression-compression zone, whereas the respective Schleicher-Stassi (SS) criterion is
expressed always by a typical elliptic locus. Figure 11 presents the evolution of the two
criteria as R is increasing and takes values R :; 2.0, 3.0 and 4.0. Dotted lines in Fig. 11
correspond to the NBS criterion, whereas the full line for R :; 3.0 corresponds to the SS
criterion.

Experimental evidence with cast-iron specimens with R :; 3.0, executed as early as
1949 and 1950, proves the validity of the SS criterion. In the same figure some experimental
points taken from Grassi and Comet[27] and from Coffin[28] were plotted indicating the
coincidence of the NBS criterion with experimental evidence.

On the other hand, it is worth indicating that the NBS criterion i~rporates the
Mohr-Coulomb criterion for brittle materials as it stands to date, although again this very
old criterion needs some modifications to reconcile it with the fact of existence of failure
in compression--eompression zone even for the brittle materials. .

Based then on a large experimental evidence of the validity of the SS criterion
for the whole spectrum of ductility or brittleness of materials[21], we evaluate first the
(Jm-equivalent tensile flow stress of the voidless matrix material by assuming that in
the compression~ompression zone of loading with 10'11:; 10'21 the real yielding value of
stress corresponds to the (1m-stress. Then, for various values of the stress-differential para
meter R we evaluate the respective O'm-stress for the points of the respective loci where
(-0'\) = (-0'2)' Figure 12 presents the variation of the O'm-stress versus the differential
stress parameter R in the interval between R :; 1.0 (complete ductility) and R =6.0 (high
brittleness). This curve appears to be a straight line.

In order to evaluate the variation of the void-volume fraction at the initiation of
yielding for any combination of the components of stresses in the (0' h (12)-plane we define
the particular value of R for the material under study. We assume valid the relation (8)
expressing the SS criterion (in the case when the material obeys the NBS criterion we use
relation (10) instead of (8», and we introduce to it the value of R and the polar expressions
for the stresses O"} and 0'2 defining the respective yield locus. In this case relation (8)

R=3.0
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Fig. 11. The family of the yield loci for the Nadai-Bauwens-Stemstein criterion with the stress
differential coefficient R varying between R =1.0 and R ... 4.0 plotted in the (O'h0'2)-plane for
plane-stress conditions and the respective yield locus fOf the Schleicher-Stassi criterion fOf R =3.0

together with experimental evidence with cast-iron s~mens (R = 3.0).
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Fig. 12. The variation of the tT..-equivalent tensile flow stress in the matrix material, disregarding
local stress variations due to voids, versus the stress-differential parameter, R, for a series of

materials from ductile (R = 1.0) to brittle ones (R > S.O).

becomes

(
sin 26) .

p2 1--2- +ao,(R-l)p(l +SlD 26)1/2=Ra3,. (11)

Solving relation (11) for 8's varying between zero and 21t we define the values of p corre
sponding to each value of the polar angle 8 and from these values of p the correspond
ing values ofthe ai-and cr2-componentsofstresses foryielding(crl = p cos 6,0'2 = p sin 8).

Introducing now the pairs of stresses corresponding to each value of 6 and pinto
eqn (3) we obtain a relationship between am andf.

For the value of am corresponding to the respective value of R, defined from the graph
of Fig. 12, and limiting ourselves to solutions for positive f's we derive from eqn (3) a
relationship! = 4J(6) of the variation ofthe void-volume fraction at the initiation ofyielding
versus the polar angle 8. Figure 13 presents the variation of the void-volume fraction for

f·IP(~)

Fig. 13. The variation of the void-volume fraction for initial yielding, f, around a crack tip versus
the polar angle 9 in the (tThtTJ-plane for parametric values of the strea-difl'crential parameter, R,

between R - 1.0 (ductile materials) and R - 2.00 (semibrittle materials).
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initiation of yield versus the polar angle (J in the (0' h 0'2)-stress plane for values of the stress
differential parameter R varying between R = 1.0, corresponding to perfect ductility, and
R = 2.00 for quasi-brittle materials.

It is clear from this figure that for R = 1.00 the! = cP«(J) curve is degenerated into one
point coinciding with the origin of coordinates in the (0' h 0'2)-plane. For values of R > 1.00
cuspoid curves are developed presenting a zero value for (J = 57[/2. Indeed for this point
which corresponds to a compression-eompression state of stress at the element of the
specimen the void formation should be equal to zero.

On the other hand, the state of maximum void formation appears at (J = 7[/4, where
0' 1= 0'2 and both are positive thus increasing isotropically the size of voids without
distorting their shape.

Moreover, there are zones where both principal stresses may be negative and, contrary
to what is believed up to now, voids may be developed under such modes of stressing of
the elements. However, these lobes of both negative principal stresses are limited zones in
the diagrams!= cP«(J) and they increase in size as R and therefore brittleness is increasing.

Whereas all loci of!=cP«(J) corresponding to initial yielding for every value of the
stress-differential p~rameter, R, of the material present a cusp point coinciding with the
origin of the (0' h 0'J-coordinates, for subsequent loading beyond the initial yielding, that is
for higher values of 0'", than the O'~-value for initiation of yielding, the!= cP«(J) curves,
although they maintain their overall shape as quasi-cardioid curves, their blunted cusps do
not anymore coincide with the origin of the coordinates, but they recede from this point as
the values of 0'", increase.

Figure 14 presents the variation of the void-volume fraction! around a crack tip,
versus the polar angle (J in the (O'h0'2)-plane for R = 1.3 and initial yielding 0'", = 1.500'01
and subsequent extensions of yielding corresponding to values 0'",/0' 0, between 1.70 and
2.50. These shapes of cardioid curves indicate that, as plasticity is progressing negative,
also values for both principal 0'1- and O'rstresses may develop voids and participate in
the plastic deformation of the solid by void nucleation and overall dilatation of the zone
surrounding the crack tip.

CONCLUSIONS

In this paper the strong influence of voids on the onset of plastic ligaments, in the
vicinity of the tip of a crack submitted to mode-l deformation, was studied on the basis of

R:1.3O

Fig. 14. The variation of the void-volume fraction, f, around a crack tip versus the polar angle
9 in the (ahazrplane for R ... 1.30 and various steps of loading corresponding to a,. between

a,.jaor = 1.50 and (1..1(10'" 2.50.
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a model consisting of two equal holes with their intercentre axis oriented to different angles
with respect to the loading axis.

The mechanisms of the development ofplastic enclaves in the ligament between holes,
as well as outside it, were studied and critical angles of orientation were established, at
which one mechanism ofplastic deformation changes to another. The influence of thickness
of the specimen and the stress conditions of the plate was studied and the change ofdefor
mation mode from plane-stress to plane-strain conditions graphically indicated.

A simplified physical model was used for establishing a quantitative formulation for
the McClintock-Gurson yield and fracture criterion, based on the growth and coalescence
of existing voids developed in the plastic zones created at the vicinity of crack tips. By
comparing the yield condition for the voided material with experimental evidence ofvarious
materials presenting the stress-differential effect, and the respective macroscopic yield con
dition, the maximum nominal traction, (1"" for a certain void content influencing the
mode of yielding of the ductile material was defined, related to the respective yield
stress for a compression-eompression state of stress, when presumably the amount of
voids is minimized.

Furthermore, by comparing the yield loci for the respective stress-differential effect of
the material studied with the characteristic quantities involved in the voided-material yield
condition, the critical dependence of the void-volume fraction, f, as a function of any
combination of state of stress in the plate was established. This function allowed the
complete definition of the voided-material yield locus, without making recourse to any
approximating models, where arrays of spherical or cylindrical holes are considered in a
convenient population density.
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